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Exothermic scatterings of dark matter (DM) produce DM particles with significant kick velocities
inside DM halos. In collaboration with DM self-interaction, the excess kinetic energy of the produced
DM particles is distributed to the others, which self-heats the DM particles as a whole. The DM self-
heating is efficient towards the halo center, and the heat injection is used to enhance the formation of
a uniform density core inside halos. The effect of DM self-heating is expected to be more significant in
smaller halos for two reasons: 1) the exothermic cross section times the relative velocity, 〈σexovrel〉,
is constant; 2) and the ratio of the injected heat to the velocity dispersion squared gets larger
towards smaller halos. For the first time, we quantitatively investigate the core formation from DM
self-heating for halos in a wide mass range (109–1015 M) using the gravothermal fluid formalism.
Notably, we demonstrate that the core formation is sharply escalating towards smaller halos by
taking the self-heating DM (i.e., DM that semi-annihilates and self-interacts) as an example. We
show that the sharp escalation of core formation may cause a tension in simultaneously explaining
the observed central mass deficit of Milky Way satellites, and field dwarf/low surface brightness
spiral galaxies. While the details of the self-heating effect may differ among models, we expect that
the sharp halo-mass dependence of the core formation is a general feature of exothermic DM.
Introduction.— Dark matter (DM) shapes the mat-
ter distribution of our Universe. It provides gravita-
tional potential wells where galaxies are formed to evolve
and merge. While their existence and distribution is
probed through their gravitation, the particle nature of
DM remains unknown. Perhaps one of the most moti-
vated candidates is a weakly interacting massive particle
(WIMP), and there have been extensive efforts to detect
them by probing their interactions with the Standard
Model (SM). However, there has been no conclusive sig-
nal yet [1, 2].
In light of this situation, there have been a great deal
of efforts to look for new benchmarks for DM. Many of
the attempts in this direction invoke new mechanisms
that stabilize DM, which accompany additional particle
contents and DM interactions within a dark sector. Such
secluded DM interactions may leave an imprint on the
distribution of DM in our Universe [3]. Thus, looking for
distinctive consequences of DM interactions on their spa-
tial distribution could provide hints that may be difficult
to achieve through traditional particle physics probes,
i.e., large hadron collider (LHC) [4–6] and direct/indirect
detection searches [7–9].
The discrepancies between the predictions of the stan-
dard CDM paradigm and the astrophysical observations
in small-scale structures [10] (small-scale issues) may be
hinting the existence of dark sector interactions. While it
is not clear if sub-grid astrophysical processes could en-
tirely resolve the issues [11–13], it is an interesting possi-
bility that the secluded DM interactions are responsible
for the discrepancies. A prominent aspect of the issues is
that observed galaxies prefer cored central density pro-
file, rather than cuspy [14, 15]. Such central mass deficit
is reported to be halo-mass dependent; galaxy clusters
(1014–1015 M) [16, 17] exhibit milder cores than dwarf
spheroidal galaxies in the field [18, 19] and low surface
brightness (LSB) spiral galaxies [20–22] (1010–1011 M).
Self-interacting DM (SIDM) is one of the well known
framework for explaining the central mass deficit of ha-
los [23], and the halo-mass dependent cores may be ex-
plained by the velocity dependent self-interaction of DM
particles [24]. One of the realizations for the veloc-
ity dependence is the exothermic self-interaction; kine-
matically unsuppressed exothermic cross section exhibits
σexo ∝ 1/vrel in the non-relativistic limit [25]. Mean-
while, the energy released from such exothermic DM scat-
terings give rise to yet another scale dependent effect: the
impact of the released energy increases towards smaller
halos [26, 27]. The injected energy self-heats the DM par-
ticles, and has been shown to enhance the core formation
towards smaller halos through analytic estimations [28]
and N -body simulations [29]. On the other hand, there
has been no concrete study that scopes the effects of DM
self-heating in a wide mass range of halos.
In this work, we investigate the impact of DM self-
heating on isolated halos by adopting the gravothermal
fluid formalism [32, 33]. The fluid formalism allows us
to follow the evolutions of halos as small as the Milky
Way (MW) satellites (109 M) at a small computa-
tional expense, which is difficult to achieve in N -body
simulations. Exploiting the method, we investigate the
effect of DM self-heating on halos in a wide mass range
(109–1015 M) for the first time. To demonstrate the
halo-mass dependence of core formation from the self-
heating effect, we take self-heating DM (SHDM) [34, 35]
as an example, where DM particles semi-annihilate
(DM + DM → DM + φ, where φ is a light particle)
and self-interact with constant 〈σsemivrel〉 and σself/m.
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FIG. 1. Left panel - Resultant density profiles of SHDM halos. We took the evolution time that is determined by the virial
mass of a halo [30]. Colored lines represent different masses of halos; a galaxy cluster (green), a field dwarf/LSB galaxy (blue),
and a MW satellite galaxy (red). NFW profile (dotted black) is used as initial condition; we use the concentration-mass
relation from Ref. [31] to determine ρs and rs. We use the fudge factor b = 3 (see Eq. (4)) to match the results of the N -body
simulation for inelastic SIDM [30]. Solid lines represent the SHDM mass (m = 0.9 MeV) that reproduce similar core size as
the inferred pure SIDM cross section for field dwarf/LSB galaxies, σself/m = 1.9
+0.6
−0.4 cm
2/g [24]. The core formation is efficient
towards smaller halos. For galaxy clusters, the resultant profiles do not depend much on the SHDM mass; the effect of DM
self-heating is negligible, and the core formation is predominantly determined by the SIDM cross section. Right panel - Same
as the left panel but for the 1-dimensional velocity dispersion. tG(rs) = 1/
√
4piGρNFW(rs) is the gravitational time scale with
ρNFW(rs) = ρs/4.
Interestingly, we find that the core formation effect from
DM self-heating is sharply escalated for halos smaller
than a certain mass. We demonstrate that this sharp
halo-mass dependence may cause a tension between
parameters that explain the central mass deficit of MW
satellite dwarf spheroidal galaxies [36] and those of
field dwarf/LSB galaxies, although the mass difference
between the two is just an order of magnitude. We
discuss that the sharp escalation of core formation may
be present in other models of exothermic DM [25, 27, 29],
and attentive investigations on this feature would be
needed.
Modeling dark matter self-heating.— We study the
effect of DM self-heating by following the gravothermal
evolution of isolated halos that consist of SHDM. We nu-
merically solve the gravothermal fluid equations that are
analogous to the ones adopted to describe halos of pure
SIDM [37–42], but with an additional heat injection term
that models the DM self-heating. We first review the
gravothermal fluid model for the pure SIDM, and discuss
our implementation of DM self-heating.
We consider a spherically symmetric initial halo that
is formed around the time t∗ that is determined by its
virial mass, based on a spherical collapse model [30].
We assume that DM self-interaction and DM self-heating
are unimportant during the process of halo formation;
we use the initial halo profiles predicted from CDM N -
body simulations [30]. Then the initial halo density pro-
file is approximated by the Navarro-Frenk-White (NFW)
profile [43, 44], ρNFW(r) = ρs/[(r/rs)(1 + (r/rs))
2],
where rs (ρs) is the NFW scale radius (density).
We use the NFW scale parameters determined from
the halo virial mass (M200), using the concentration-
mass relation inferred from CDM N -body simula-
tions [31]: ρs ' 0.011 M/pc3 (1010 M/M200)0.24, rs '
3.43 kpc (M200/10
10 M)0.44.
The gravothermal fluid formalism approximates the
DM particles as ideal fluid that is described by their mass
density ρ and fluid pressure p. The initial halo is assumed
isotropic in pressure, and we define the 1-dimensional
velocity dispersion as ν(r, t) =
√
p(r, t)/ρ(r, t). In
the case of pure SIDM, gravothermal evolution of DM
fluid is governed by the following equations [37–42]:
∂
(
ρν2
)
∂r
+
GMρ
r2
= 0 , (1a)
∂M
∂r
= 4pir2ρ , (1b)
3
ν
(
∂ν
∂t
)
M
− 1
ρ
(
∂ρ
∂t
)
M
=
1
ν2
δucond
δt
, (1c)
where M(r, t) is the fluid mass enclosed within radius r,
and G is the Newton’s constant. (∂t)M = ∂t + V · ∇ is
the Lagrangian time derivative where V is the fluid bulk
velocity; it refers to changes within the fluid element as
it changes its state and location. We note that V is de-
termined by the continuity equation, ∂tρ+∇ · (ρV ) = 0.
Meanwhile, the terms associating V in the fluid momen-
tum conservation equation (Euler equation) is assumed
to be negligible [Eq. (1a)]; we require the halo to be in
quasi-static hydrostatic equilibrium [30]. Eq. (1b) states
that the mass of DM fluid is virtually conserved.
Eq. (1c) is the first law of thermodynamics. The details
of particle physics appear in the RHS, which is the rate of
3heat gain of a fluid element; fluid elements conduct heat
with neighboring sites in the radial direction through DM
self-interaction. The heat conduction is modeled with a
heat diffusion equation:
δucond
δt
=
m
ρ
∇ · (κ∇ν2) , (2)
where u is the specific energy (energy per DM mass), and
κ is the thermal conductivity. We follow the implemen-
tation of κ in Refs. [30, 37, 39]. The net heat gain from
heat conduction is used to increase the velocity disper-
sion (the first term of the LHS), and to decrease the mass
density (the second term of the LHS) by expanding the
volume of the DM fluid.
We implement the effects of DM self-heating by intro-
ducing another heating term in the RHS of Eq. (1c). In
the case of SHDM, a tiny fraction of the boosted DM par-
ticles produced from DM semi-annihilations is captured
before escaping the halo through DM self-interaction.
(For simplicity, we assume that the produced φ’s escape
from the halo and plays no role in halo evolution.) The
high kinetic energy of the captured boosted DM particle,
δE = m/4, is then distributed to the others, i.e., DM
particles self-heat. We effectively describe this process
as injecting heat to the local DM fluid element with the
following rate:
δusemi
δt
=
ρ 〈σsemivrel〉
m
ξδE
m
, (3)
where ξ is the efficiency to capture a boosted DM parti-
cle. The realistic modeling of the capture efficiency ξ is
non-trivial; the production site of the captured boosted
DM particle may not be the local fluid element, but some
remote site from the captured region. Instead, we use a
constant and uniform profile for ξ:
ξ = b× r
λ
∣∣
r=rs
' 0.0002 b
(
rs
3.43 kpc
)
×
(
ρs
0.011M/pc3
)(
σself/m
0.1 cm2/g
)
,
(4)
where b is a fudge factor and λ = 1/(ρσself/m) is the free-
streaming length of a DM particle. Hereafter, we set the
fudge factor to be b = 3; this choice of the fudge factor
is motivated from the N -body simulation result for the
inelastic SIDM [30]. For other exothermic DM models,
we may replace the parameters 〈σexovrel〉 /m × δE/m
in Eq, (3) with the corresponding values. Taking into
account the DM self-heating represented by Eq. (3), we
numerically solve Eqs. (1) using the methods described
in Ref. [40–42, 45]. We find that DM self-heating leads
to a formation of uniform cores inside halos (see FIG. 1).
Halo mass dependence of core formation.— The
core formation from self-heating effect becomes stronger
towards smaller halos. This is understood by observing
the DM self-heating term in the RHS of Eq. (1c):
1
ν2
δusemi
δt
=
(
νNFW(rs)
ν
)2(
ρ
ρNFW(rs)
)
1
theat
, (5)
where νNFW(rs) ' 0.3
√
4piGρsr2s and ρNFW(rs) = ρs/4
are respectively the velocity dispersion and density of the
initial NFW halo at the scale radius r = rs. theat is the
representative heating time scale of the initial NFW halo;
it is roughly the time scale required for a DM particle to
absorb energy comparable to its kinetic energy ∼ mν2
by capturing boosted DM particles produced from semi-
annihilation:
theat =
(
ρNFW(rs) 〈σsemivrel〉
m
ξδE
mν2NFW(rs)
)−1
' 46 Gyr
(
M200
109 M
)0.68(
0.1 cm2/g
σself/m
)
×
(
6× 10−26cm3/s/MeV
〈σsemivrel〉 /m
)(
1/4
δE/m
)
,
(6)
where we took b = 3 and M200 is the virial mass of a
halo. In the second equality, we used Eq. (4), and the
concentration-mass relation [31] for the NFW scale pa-
rameters. In Eq. (5), ν(r)/νNFW(rs) and ρ(r)/ρNFW(rs)
for given r/rs do not depend much on halo mass, while
theat is significantly shorter in smaller halos. Thus, the
core formation from self-heating is increasing towards
smaller halos. This feature is illustrated in FIG. 1.
This halo-mass dependence of core formation may be
used to explain why the observed central mass deficit
is more appreciable in smaller halos. In FIG. 2, we
demonstrate that core formation of (sub-)MeV scale
SHDM may address this issue even with constant
〈σsemivrel〉 ' 6 × 10−26 cm3/s and σself/m ' 0.1 cm2/g.
There, we define the core density ρcore to be the density
at the innermost radius, and the core radius rcore to be
the radius where the density is ρ(rcore) = ρcore/2. We
find that the SHDM mass m ' 0.9 MeV (solid orange
curve in FIG. 2) is preferred to explain the observed
core density/size of dwarf/LSB galaxies. We take these
parameters as a benchmark for SHDM.
Constraints from Milky Way satellites.— As illus-
trated in FIG. 1 and FIG. 2, the core formation from
self-heating effect is stronger towards smaller halos,
which may address why galaxy clusters exhibit milder
cores than dwarf/LSB galaxies. On the other hand,
the core formation from self-heating in smaller halos
(M200 . 1010 M) may be too efficient to be compatible
with observations. In fact, observed central densities of
MW satellite dwarf spheroidal galaxies provide strong
restrictions on the efficiency of the self-heating.
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FIG. 2. Left panel - Halo-mass dependence of resultant core densities of SHDM halos (in orange). We took the evolution time
that is determined by the virial mass of a halo [30]. Gray curves represent the case of pure SIDM. The data points are the
core densities predicted from the inferred values of pure σself/m from the observations on field dwarf(red)/LSB(blue) galaxies,
and galaxy clusters (green) [24]. The core formation is sharply escalating towards smaller halos, which appears to disfavor the
SHDM as a solution to small-scale issues; while the SHDM mass m = 0.9 MeV (solid orange) is preferred to explain the core
size of field dwarf/LSB galaxies, the central densities of MW satellites [36] (black circle) require the SHDM mass to be heavier
than 9 MeV (dashed orange). This is in contrast to the pure SIDM; there is a lower limit on the core density since the SIDM
halos undergo the gravothermal collapse at present for σself/m & 10 cm2/g. The red line represents the analytic estimation
given in Eq. (7). Right panel - Same as the left panel but for the resultant core radius. The red line represents the analytic
estimation for rcore in the self-heating dominated limit; rcore(tage) ' 1.4× rs ((tage − t∗)/theat)0.57.
For the benchmark parameters of SHDM, the core
formation of MW satellites is basically dominated by
the self-heating effect from semi-annihilation: theat <
tself(r = rs), where tself = 1/(aρνσself/m) is the self-
interaction time scale with a =
√
16/pi. In such a
case, the following is a good estimation for the core den-
sity [46]:
ρcore(tage) ' 0.2× ρs
(
theat
tage − t∗
)
, (7)
where t∗ is the time when the initial virialized halo was
formed, and tage ' 13.8 Gyr is the age of the Universe.
The observed central densities of MW satellite dwarf
galaxies is in the range of ρc,obs ∼ 0.1–1 M/pc3 [36].
We require the predicted core density to be larger than
the observed one (ρcore(tage) & 0.1 M/pc3), which re-
stricts the heating time scale for MW satellites:
theat & 320 Gyr
(
ρc,obs
0.1 M/pc3
)(
M200,infall
109 M
)0.24
. (8)
Here we took the masses of MW satellites as their masses
prior to accretion onto the MW, which is estimated us-
ing the concentration-mass relation of field halos [47].
Remark that our choice of a satellite halo mass is conser-
vative; using their mass at present would provide stronger
restriction to the heating efficiency, since progenitor halos
of MW satellite galaxies lose their mass along the accre-
tion. With the benchmark cross sections, this provides
a rough lower bound on SHDM mass: m & 9 MeV. The
core formation for SHDM with mass of m = 9 MeV is
shown in FIG. 2 (dashed orange): for these parameters,
the core formation may not be efficient enough to explain
the inner density profiles of field dwarf/LSB galaxies.
It is interesting that observations on MW satellites
provide a significant constraint, although their masses
(at infall) are smaller than those of field dwarf/LSB
galaxies by just an order of magnitude. This is because
the core formation from DM self-heating is sharply
escalating towards smaller halos, which is represented
by the sharp power-law halo-mass dependence of theat
in Eq. (6). Thus, observations on even smaller halos
(i.e., minihalos) would be a good probe to examine the
self-heating nature of DM. For example, the observed
concentration-mass relation of minihalos may provide a
firm test to distinguish SHDM from pure SIDM; SHDM
halos would exhibit consistently lower concentration
than the pure SIDM halos. This is because the core
density of self-heating dominated halos decreases indef-
initely until present, as in Eq. (7). This is in contrast
to pure SIDM halos, since their core density do not
get lower than ρNFW(rs) = ρs/4 due to the self-similar
gravothermal collapse [45].
Self-heating in other models.— In the preceding sec-
tions, we discussed the core formation of a specific sce-
nario, SHDM. We demonstrated that the core forma-
tion of SHDM is sharply escalating towards smaller ha-
los, which appears to disfavor SHDM as a solution to
small-scale issues. We expect that this escalating core
formation is general among scenarios that exhibit DM
self-heating.
Here we introduce other selected scenarios that exhibit
5DM self-heating; dark nuclei as DM particles that un-
dergo two-to-two fusion processes that convert DM mass
deficit into kinetic energy (fusion DM) [25]; two-state
DM particles which are collisionally (de-)excited between
nearly degenerate energy states (eXciting DM) [27, 29].
Since both models exhibit comparable DM elastic self-
scattering, we may use the modeling for the heat injection
as in Eq. (3); we replace 〈σsemivrel〉 /m× δE/m with the
corresponding values in other models. The heating time
scales for MW satellites with the suggested benchmark
parameters are given as
theat '

5 Gyr
(
147 cm2/g×km/s
〈σfusionvrel〉/m
)(
0.1 cm2/g
σself/m
)(
10−5
δE/m
)
for “fusion” DM,
5 Gyr
(
20 cm2/g×km/s
〈σex→grvrel〉/m
)(
2 cm2/g
σself/m
)(
2×10−6
δE/m
)
for “eXciting” DM,
(9)
where we took b = 3, and assumed degenerate final
state DM masses for the fusion DM. Although both
models exhibit large 〈σexovrel〉 /m, the energy release
from an exothermic process δE/m is small, so that the
heating timescales are similar to that of SHDM [Eq. (6)].
The benchmark heating time scales of the two models
are shorter than the limit of Eq. (8). Therefore, the
possible parameters space that is consistent with central
densities of MW satellites needs to be carefully examined.
Conclusions.— Using the gravothermal fluid formal-
ism, we have studied the impact of DM self-heating on
halo structures. We took SHDM as an example, and
showed that DM self-heating flattens the central cuspy
profile of an initial halo and develops a uniform core.
The fluid formalism allowed us to scope the effect of
DM self-heating for a wide mass range of halos, and
we found that the core formation is sharply escalating
towards smaller halos. By requiring the SHDM to be
consistent with the observed central densities of MW
satellites, we showed that the escalating core formation
of SHDM appears to be disfavored as an explanation
for the observed central mass deficit of field dwarf/LSB
galaxies. We estimated the heating time scales in other
exothermic DM scenarios which are invoked to resolve
the small-scale issues, and demonstrated that careful
investigations are needed to identify the parameter
region consistent with central densities of MW satellites.
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7Supplemental Material
In this supplemental material, we provide details on
the assignment of halo formation time t∗, the implemen-
tation of heat conduction from DM self-interaction, the
justification of the assumption of quasi-static equilib-
rium, the initial condition dependence of our analysis,
and the choice of the fudge factor b = 3.
Halo formation time.— The structure formation is
hierarchical in the sense that smaller structures form
prior to larger ones. Since we consider evolution of halos
in a wide mass range (M200 = 10
8–1015 M), we take
into account the formation time of halos consistent with
their mass. In this section, we summarize the assignment
of the halo formation time t∗.
We define the overdensity δ = ρm/ρ¯m− 1, where ρ¯m is
the average matter density. For a standard CDM model,
the overdensity in the linear regime (δ < 1) grows as
δ(t) = δ(ti)D(t)/D(ti), where D(t) is the growth factor
given by
D (a(t)) =
H(a)
∫ a
0
da′/ [a′H(a′)/H0]
3
H0
∫ 1
0
da′/ [a′H(a′)/H0]
3
, (10)
which is normalized as D (a(tage)) = 1. According to
the spherical collapse model [33] in the flat matter dom-
inated FRW Universe, virialized halos form when their
overdensity becomes δ(t∗) ∼ 200, where the linear the-
ory is no longer valid. On the other hand, if we assume
that the linear theory were valid even when δ > 1, a viri-
alized halo is formed when the overdensity in the linear
theory exceeds some critical value δc ' 1.686 at time t∗:
δL(t∗) ' δc.
Now we would like to assign masses to such virialized
halos. To do so, we define a smoothed overdensity δM ,
which is the overdensity after averaging out all density
fluctuations on scales less than scale R:
δM (x) =
∫
d3x′WR(x′ − x)δL(x′) , (11)
where we choose the window function as the top-hat fil-
ter in real space; WR(x
′−x) = 3/(4piR3)Θ(R−|x′−x|).
Given a length scale R, we assign a mass scale of the
filter as M = 4piR3ρ¯m/3. Following the Press-Schechter
formalism [48], we identify the mass fraction that is con-
tained in halos of mass greater than M with the proba-
bility that δM > δc;
p (δM > δc) =
∫ ∞
δc
exp
(
− δ2M
2σ2M
)
√
2piσM
dδM , (12)
where σ2M is the variance of δM given by
σ2M (t) = D
2 (a(t))
∫ ∞
0
k2dk
2pi2
PL(k)W˜
2
R(k) , (13)
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FIG. 3. The halo-mass dependence of the halo formation
time t∗. The assignment of the formation time is based on
the spherical collapse model, and the observed CDM density
fluctuations. The solid curve corresponds to the condition
2σM (t∗) = δc. The dashed curve is the one that we use in this
work, which is determined by the condition 3σM (t∗) = δc.
where PL(k) is the CDM linear matter power spec-
trum at present, and W˜R(k) is the Fourier trans-
formed top-hat window function. Here, we take
PL(k) ∝ T 2BBKS(k)Pprim(k); TBBKS(k) is the BBKS
fitting transfer function [49] and Pprim(k) ∝ kns . We
adopt the following cosmological parameters as in
Ref. [50]: Ωm = 0.3, ΩΛ = 0.7, ns = 0.96, and σ8 = 0.8.
The overall normalization for PL(k) is set by the
cosmological parameter σ8. From Eq. (12), the fraction
of mass contained in halos with mass greater than M
becomes significant when σM (t) ∼ δc. We choose the
formation time of a halo of mass M to be the moment
when 3σM (t∗) = δc, where the factor 3 is chosen to
reproduce the halo evolution time used in Ref. [24]. The
halo mass dependence of t∗ is shown in FIG. 3.
Heat conduction from self-interaction of DM.— The
elastic self-interaction of DM particles allow for a fluid
element to conduct heat with neighboring sites in the
radial direction. We model the heat conduction effect
with a heat diffusion equation:
L
4pir2
= −κm∇ν2 , (14)
where L(r, t) is the luminosity, that is defined to be the
rate of energy that crosses a sphere at radius r in the
outward radial direction. κ is the thermal conductivity.
It is very challenging to determine the general expres-
sion of κ in terms of σself/m from first principles. If the
free-streaming length λ = 1/(ρσself/m) is much shorter
than the system size (Jean’s length) H =
√
ν2/4piGρ, the
Fourier law of heat flux, Eq. (14), can be derived from
the Boltzmann equation [51, 52]. In this short mean free
path (SMFP) regime (λ H), κ is expressed as
κSMFP =
75
√
pi
64
ρλ2
amtself
, (15)
8where tself = 1/(aρνσself/m) is the self-interaction time
scale with a =
√
16/pi. In the long mean free path
(LMFP) regime (λ  H), there is an empirical ther-
mal conduction formula similar to the one in the SMFP
regime [32]:
κLMFP =
3C
2
ρH2
mtself
, (16)
where C ' 0.75 is a constant that cannot be determined
analytically, and it is calibrated with N -body simulations
in the LMFP regime [39, 45]. We naively interpolate
the thermal conductivity in the two regimes as κ−1 =
κ−1SMFP +κ
−1
LMFP. The rate of specific heat gain for a fluid
element is given as
δucond
δt
= − 1
4pir2ρ
∂L
∂r
. (17)
Assumption of quasi-static hydrostatic equilibrium.—
In the adopted gravothermal model [Eqs. (1)], we
assume that the evolution of a halo is quasi-static:
we require that the hydrostatic equilibrium condition,
Eq. (1a), is held at each moment. This may be a good
approximation as long as the gravitational time scale,
tG, is the shortest time scale of the system [37, 45]:
tG = (4piGρ)
−1/2
' 7.8× 107 yr
(
0.011M/pc3
ρs
)1/2
,
(18)
where in the second equality, we took ρ = ρNFW(rs) =
ρs/4 as the representative value for a halo. In the case
of pure SIDM, the approximation is confirmed to be in
good agreement with the N -body simulations [39, 42].
Since we are interested in the case where the two other
time scales, theat and tself , are comparable to the age of
the Universe, the same approximation is expected to be
valid. Nevertheless, it is good to have an independent
check for the case of SHDM, since we take into account
the self-heating from the semi-annihilation of DM. The
comparison between our fluid model and theN -body sim-
ulations would be the most ideal check, but performing
N -body simulations for SHDM is beyond the scope of this
work. Instead, we compare our results to the solutions of
the gravothermal fluid model in the Eulerian description
of the DM fluid, where the quasi-static equilibrium is not
assumed [28, 38]:
∂ρ
∂t
+
1
r2
∂
∂r
(
r2ρVr
)
= 0 , (19a)
∂Vr
∂t
+ Vr
∂Vr
∂r
= −∂Φ
∂r
− 1
ρ
∂
(
ρν2
)
∂r
, (19b)
1
r2
∂
∂r
(
r2
∂Φ
∂r
)
= 4piGρ , (19c)
1
r2
∂
∂r
(
r2Vr
)
+
3
ν
[
∂ν
∂t
+ Vr
∂ν
∂r
]
=
1
ν2
δu
δt
, (19d)
where Vr is the fluid bulk velocity in the radial direc-
tion, and Φ is the gravitational potential. Remark that
quasi-static equilibrium corresponds to taking Vr = 0 in
Eq. (19b), which becomes Eq. (1a) in this limit. We
solved Eqs. (19) iteratively, which is summarized into
three procedures: 1) assume a uniform and constant ν
and integrate Eqs. (19a) and (19d) to get solutions for
ρ and Vr; 2) take ρ and Vr from the first procedure and
integrate Eqs. (19b) and (19c) to get a solution for ν;
and 3) repeat the first procedure but with the updated
ν from the second procedure. We repeat this until the
solutions converge.
Due to numerical difficulties, we only compare the
solutions in the case where heat conduction effect is
absent; we take δu = δusemi (see Eq. (3)) in both Eq. (1c)
and Eq. (19d) for the comparison. The time evolution of
ρ and ν in both formalisms is presented in FIG. 4. We
find that both Eqs. (1) (in blue) and Eqs. (19) (in red)
exhibit consistent resultant profiles for ρ and ν. Since
the quasi-static equilibrium is not assumed in Eqs. (19),
we conclude that dynamics induced by heat injection
from semi-annihilation do not spoil the assumption.
Cored initial halo profiles.— We assume that semi-
annihilation and self-interaction of DM play no role dur-
ing the process of halo formation, and use the NFW den-
sity profile as the initial halo profile. In the case of pure
SIDM, using the initial NFW profile has been empirically
checked to be in good agreement with the N -body simu-
lations even in the case that the gravothermal collapse of
a halo [39, 41] occurs. On the other hand, this may not
be the case in the presence of semi-annihilation of DM.
Since the N -body simulations for SHDM is not available
at the moment, we cannot explicitly check if using the ini-
tial NFW profile would reflect the realistic evolution of
a SHDM halo. Instead, we check if the resultant SHDM
halos are sensitive to the initial halo profiles in our fluid
model.
In a cosmological simulation for SHDM, we expect that
the heat injection from semi-annihilation would make the
initial halo profile to be cored than the NFW profile.
Thus, we use the cored NFW (CNFW) profiles as dif-
ferent initial conditions; ρCNFW = ρsrs/[(rc + rs)(1 +
(r/rs))
2], where rc is the core radius, and rs and ρs
are the NFW scale parameters. We obtain solutions to
Eqs. (1) for different values of rc for the initial CNFW
profile. The results are summarized in FIG. 5. The right
panel of FIG. 5 is the time evolution of the core radius of
a field dwarf/LSB galaxy for different values of the ini-
tial core radius rc (black lines). We find that the black
curves eventually converge to a single red line, which is
the analytic fit for the core radius in the rc = 0 case:
rcore(t) ' 1.4× rs
(
t− t∗
theat
)0.57
. (20)
Thus, we see that Eq. (20) is an attractor solution
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FIG. 4. Left panel - The time evolution of DM density ρ of a MW satellite galaxy (M200 = 10
9 M). NFW profile
(ρs = 0.02M/pc3, rs = 1.26 kpc) is used as the initial condition. Heat conduction effect through self-interaction of DM is not
taken into account. Numerical solutions from the Lagrangian formulation [Eqs. (1)] and the Eulerian formulation [Eqs. (19)]
are in blue and red, respectively. The reference time scale is t0 = 1 Gyr. The set the fudge factor b = 3 (see Eq. (4)),
and the cross sections are 〈σsemivrel〉 /m = 6 × 10−26 cm3/s and σself/m = 0.1 cm2/g with SHDM mass m = 0.9 MeV. We
find that two formalisms results in consistent profiles for ρ. The agreement between two formalisms validates the quasi-static
equilibrium assumption in the Lagrangian formulation. Right panel -Same as the left panel but for the velocity dispersion ν.
tG(rs) = 1/
√
4piGρNFW(rs) is the gravitational time scale with ρNFW(rs) = ρs/4.
0.15
0.2
0.3
0.5
0.9
10
-2
10
-1
10
-27
10
-26
10
-25
10
-24
m = 10MeV
m = 1MeV
m = 0.1MeV
m = 100MeV
2 4 6 8 10
-1
0
1
2
3
4
2 4 6 8 10
-1
0
1
2
3
4
2 4 6 8 10
-1
0
1
2
3
4
2 4 6 8 10
-1
0
1
2
3
4
rc/rs = 0.003
rc/rs = 0.01
rc/rs = 0.03
rc/rs = 0.1
\
⇢s = 0.011M /pc3
 self/m = 0.1 cm
2/g
rs = 3.43 kpc, b = 3
\h semivreli = 6⇥ 10 26 cm3/s
b = 3,  self/m = 0.1 cm
2/g
m = 0.9MeV
10
-1
10
0
10
1
10
-2
10
-1
FIG. 5. Left panel - Contour plot for the resultant core radius (rcore/rs) of a field dwarf/LSB galaxy (M200 = 10
10 M). The
horizontal axis (rc/rs) is the core size of the initial CNFW profile. We set the fudge factor b = 3 (see Eq. (4)). The red dashed
lines indicate the canonical cross section 〈σsemivrel〉 = 6 × 10−26 cm3/s for different SHDM masses. The red solid line is the
contour where rc is identical to the analytic estimate for the resultant core radius in the rc = 0 case (see Eq. (20)). We find
that our benchmark parameter space (〈σsemivrel〉 ' 6 × 10−26 cm3/s, σself ' 0.1 cm2/g, m = 0.1–10 MeV) is insensitive to the
initial CNFW profile as long as rc/rs . 0.1. Right panel -Time evolution of the core radius of the same field dwarf/LSB halo
in the left panel. The black lines correspond to different values of rc. The red solid line is the analytic estimate for the core
radius in the rc = 0 case (given in Eq. (20)). All the black lines approach the red line in the late time. Thus, Eq. (20) is an
attractor solution for the core radius.
in time. The left panel of FIG. 5 is a contour plot
for the resultant core radius. There, we see that the
resultant core radius is insensitive to rc as long as
rc . rcore(t = tage) (region above the red solid line). We
confirm that the benchmark parameter region for SHDM
(〈σsemivrel〉 = 6 × 10−26 cm3/s, σself/m = 0.1 cm2/g,
and m ∼ 0.9 MeV with b = 3) is unchanged as long as
rc/rs . 0.1.
Comparison with N -body simulations.— We model
the DM self-heating under the assumption that DM par-
ticles are heated by capturing the DM particles pro-
duced from exothermic DM scattering through DM self-
interaction. This introduces a fudge factor b that rep-
resents the uncertainty in the capture efficiency ξ (see
Eq. (4)). We set the fudge factor to be b = 3 as a
reference value, so that our fluid model reproduces the
core density from the N -body simulation for the inelastic
SIDM [29] (see the right panel of FIG. 6).
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FIG. 6. Left panel - Comparison between the resultant density profile of a MW-sized halo (M200 = 1.6 × 1012 M) from the
fluid model (solid) and the N -body simulation for the inelastic SIDM [29] (dashed). For the fluid model, the NFW profile
(ρs = 0.0032 M/pc3, rs = 31.1 kpc) is used as the initial condition (solid black). Red (blue) curves represent the case of
inelastic (pure) SIDM. Right panel - Same as the left panel but for a subhalo inside the MW-sized host halo. The dashed line
corresponds to the median profile of the ten most massive subhalos from the N -body simulation. For the fluid model, we use
the NFW-fit (ρs = 0.0057 M/pc3 and rs = 11.1 kpc, which corresponds to M200 = 1.5× 1011 M) to the central CDM profile
from the N -body simulation. We set b = 3 so that the core density from the fluid model matches the N -body simulation.
We remark that using the modeling for the heating
[Eq. (3)] for the case of inelastic SIDM may be a naive
application. The difference from the case of SHDM is
that the exothermic DM scatterings are frequent. For
example, inside MW satellites, the DM particles undergo
at least one exothermic scattering during the age of the
Universe, producing DM particles with considerable kick
velocities,
√
δE/mc ∼ O(100) km/s. Since the capture
efficiency is tiny [Eq. (4)], most of the kicked DM parti-
cles will escape from the halo. Such evaporation of DM
particles may not be negligible, and we would need to in-
corporate an additional equation to Eqs. (1) to take into
account the evaporation of DM.
